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ON THE ENDOMORPHISM MONOIDS
OF (UNIQUELY) COMPLEMENTED LATTICES

G. GRATZER AND J. SICHLER

ABSTRACT. Let L be a lattice with 0 and 1. An endomorphism ¢ of L
is a {0,1}-endomorphism, if it satisfies O0p = 0 and 1l¢p = 1. The {0,1}-
endomorphisms of L form a monoid. In 1970, the authors proved that every
monoid M can be represented as the {0, 1}-endomorphism monoid of a suit-
able lattice L with 0 and 1. In this paper, we prove the stronger result that
the lattice L with a given {0, 1}-endomorphism monoid M can be constructed
as a uniquely complemented lattice; moreover, if M is finite, then L can be
chosen as a finite complemented lattice.

1. INTRODUCTION

The endomorphism monoid of a lattice is very special; indeed, the constant maps
are always endomorphisms and they are left zeros of the monoid. To exclude them,
in [10], the authors considered bounded lattices, that is, lattices with zero, 0, and
unit, 1, and {0, 1}-endomorphisms, that is, endomorphisms ¢ satisfying 0 = 0 and
1 = 1; and proved the following result:

Theorem 1. Every monoid M can be represented as the {0,1}-endomorphism
monoid of a suitable bounded lattice L.

In G. Grétzer and J. Sichler [11], we improved on this result:

Theorem 2. Every monoid M can be represented as the {0,1}-endomorphism
monoid of a suitable complemented lattice L. Moreover, if M is finite, then L
can be chosen as a finite complemented lattice.

Theorem P]is stronger than Theorem [1] in two ways:

(i) we construct a complemented lattice;
(ii) for a finite M, we construct a finite lattice.

Note that with a few trivial exceptions, the lattice L constructed in [10] is always
infinite.

Theorem Rl solves Problem VI.24 of G. Gritzer [g].

The main result of this paper is the construction of a uniquely complemented
lattice (that is, a lattice in which every element has exactly one complement) to
represent a monoid:
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Main Theorem. FEvery monoid M can be represented as the {0, 1}-endomorphism
monoid of a suitable uniquely complemented lattice L.

Recall that uniquely complemented lattices are very difficult to construct. R.P.
Dilworth [4] solved a long-standing conjecture of lattice theory by proving that not
every uniquely complemented lattice is distributive (Boolean). He proved this by
examining free lattices with a “free” complement operation; see R.P. Dilworth [5]
for a discussion of the background. Free algebras have very special {0, 1}-endo-
morphism monoids, since every map of the generators can be extended to a {0,1}-
endomorphism. So we were quite surprised that Theorem B] could be sharpened to
the Main Theorem.

Observe that the second clause of Theorem [2] is missing from the Main The-
orem; indeed, a finite uniquely complemented lattice is Boolean, and the {0,1}-
endomorphism monoid of a finite Boolean lattice is very special (it is anti-isomorphic
to the monoid of all maps of a finite set into itself).

The reader can easily verify that the following version of the Main Theorem holds:
Every full category of algebras is isomorphic to a full subcategory of the category
of uniquely complemented lattices and their {0,1}-homomorphisms. To keep the
notation as simple as possible, we only prove the Main Theorem.

The proof of the Main Theorem relies on several results in the literature. In
Section 2] we recall a construction—due to M.E. Adams and J. Sichler [T]—of the
lattice Ind G from a graph G. Section Bl introduces C-extensions, a special case of
reduced free products of lattices of C.C. Chen and G. Grétzer [3] that generalizes
some of the techniques originally introduced in R.P. Dilworth [4]. The most im-
portant new result in this section is Theorem [[2 stating that any sublattice of a
reduced free product that contains neither the zero nor the unit is naturally isomor-
phic to a sublattice of the free product on the same factors; this allows us to apply
a result of H. Lakser [I3] on simple sublattices in free products to C-extensions.

The construction of the uniquely complemented lattice representing a given mon-
oid is introduced in Section[dl It is based on V. Koubek and J. Sichler [12]. Section[d
proves that this construct has many simple sublattices. Finally, in Section [6], we
put all these pieces together to construct the lattice L for the Main Theorem.

To prove Theorem B] we need a different construction, which is presented in
Section [7]

Notation. For general notation, we refer the reader to G. Grétzer [9]. In particu-
lar, 913 denotes the five-element nondistributive modular lattice.

Let L be a bounded lattice, that is a lattice with zero and unit. Then Oy and 1,
will denote the zero and unit, respectively, unless special notation is introduced.
A sublattice S of the bounded lattice L is called confined, if 0, 15, ¢ S. The
{0, 1}-endomorphism monoid of L will be denoted by Endyg 1y L.

For the lattices K and L, we denote by K x L the free product of K and L.
We view K and L as sublattices of K x L. If K and L are bounded, we also have
K 10,1y L, the {0, 1}-free product of K and L.

2. GRAPHS

In this paper, a graph G = (V, E) is a nonempty set V (the vertices of G) and
a set E of two-element subsets of V' (the edges of G), that is, G is an undirected
graph with no loops.
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For a graph G, let Ind G denote the set of all its finite independent subsets (that
is, finite subsets not containing an edge), partially ordered by set inclusion, with a
new unit element, 1. Note that {z} € Ind G, for any z € V.

The following observations are from V. Koubek and J. Sichler [I2].

Lemma 3. If G is a finite, automorphism-free, connected graph with more than
two vertices, then Ind G is a simple complemented lattice.

Let Aut G denote the automorphism group of G.

Lemma 4. If Ind G is a finite simple lattice, then Endg 1y Ind G is isomorphic
to Aut G.

3. C-EXTENSIONS

The verification of the first construction is based on Theorem stated at the
end of this section. We need to recall some definitions and results. We are going
to state these in simplified settings, sufficient for the applications in this paper.
All the results in this section are based on C.C. Chen and G. Grétzer [3], and on
G. Gritzer [6] and [7]. Theorem [[1]is from these papers (see also G. Grétzer [§],
which contains all the necessary results); Theorem [IHis H. Lakser’s result, see [13];
Theorems [2] and [[f appear to be new.

Definition 5. Let X be an arbitrary set. The set P(X) of polynomials in X is
the smallest set satisfying (i) and (ii):

(i) X CP(X).

(i) If p, ¢ € P(X), then (p Aq), (pV q) € P(X).

Let K be an at most uniquely complemented lattice; let C' be the set of elements
of K with no complements. Let C' = {¢’ | ¢ € C'} be a copy of C disjoint from K,
where the assignment ¢ — ¢’ is a bijection. We define

C={{cd)lceCIu{(d.c)|ceC},

a binary relation on K U C’. We are going to construct a {0, 1}-extension of K in
which a pair of elements is complementary iff it is complementary in K or the pair
is C-related (that is, the pair is of the form {c, ¢'}, for some ¢ € C).

Let F denote the bounded free lattice on C’. Let @ = K U F and let P(Q)
denote the set of all polynomials over Q.

For a lattice A, we define A> = A U {0°, 1%}, where 0°,1° ¢ A; we order A’ by
the rules:

0 <z <1% forall z e A.
z<yin A® iff z<yin A, for z,y € A.

Thus A? is a bounded lattice. To simplify the discussion, we use the notation
KO:KandKle.

Definition 6. Let p € P(Q) and i € {0,1}. The upper i-cover of p, in notation,
p® s an element of Kf defined as follows:

(i) For a € Q, we have a € K, for exactly one j; if j = ¢, then a® = aq; if j #1,
then a(® = 1°.
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(pAg)™ =pD Anq,
(pv @) =pP v,
where A and V on the right side of these equations are to be taken in K?.

The definition of the lower i-cover of p, in notation, p(;), is analogous, with b
replacing 1° in (i).

Definition 7. For p, ¢ € P(Q), set p C ¢ iff it follows from the following rules:

(©) pl) < q(),  for some i € {0,1};

(AW) p=poAp1, where poCq or p1 Cg;
(VW) p=poVpi, where poCq andp Cg;
(W) ¢g=qoNq, where pCqoand p Cqy;
(Wy) ¢g=qVq, where pCqy or pCaq.

It is not difficult to prove that the relation C is a quasi-ordering, so we can
define:

p=q iff pCqgandgCp (r, 1€ P(Q));
R(p)={qlqeP@) andp=q}  (peP(Q))
R(Q)={R(p) |reP@Q)}
R(p) < R(q) iff pCuq
Lemma 8. R(Q) is a lattice; in fact,

R(p) N R(q) = R(p A q),

R(p) vV R(q) = R(pV q).
Furthermore, if a, b, ¢, d € K;, i € {0,1}, and

aNb=c,
aVb=d,
in K;, then
R(a) A R(b) = R(c),
R(a) V R(b) = R(d);

and if x, y € Q,x # y, then R(z) # R(y).
By Lemma Bl the assignment
a— R(a), a€K,

defines an embedding of K; into R(Q), for i € {0,1}. Therefore, by identifying
a € K; with R(a), we get each K as a sublattice of R(Q), and hence Q C R(Q).
It is also obvious that the partial ordering induced by R(Q) on Q agrees with the
original partial ordering.

Theorem 9. R(Q) is a free product K «x F of K and F.

Now we shall define a S subset of P(Q), forcing any ordered pair (¢, ') € C to
become a complemented pair.

Definition 10. For p € P(Q), let p € S be defined by induction on the rank of p:
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(i) Forpe Q,letpe Siff pe K; — {0k,, 1k, }, fori =0ori=1.
(ii) Forp =g A, let p € Siff ¢, r € S and the following two conditions hold:
(ii1) p C Ok, fails, for i = 0 and i = 1;
(iiz) there is no ¢ € C for which p CcA .
(iii) For p=qVr, let p € Siff ¢, r € S and the following two conditions hold:
(iiiy) 1g, C p fails, for i =0 and 7 = 1;
(iiig) there is no ¢ € C for which ¢ v ¢ C p.

Now we set
K = {0z 1z} U{R(p) |pe S}
and partially order K by
0z < R(p) <1z, forpesS,
R(p) < R(q) iff pCyq.

If we identify a € K; — {0k,, 1k, } with R(a), i € {0,1}, then we get the setup we
need:

Theorem 11. K satisfies the following properties:

(i) K contains K and F as {0, 1}-sublattices.
(i1) A pair of elements is complementary in K iff they form a complementary pair
in K or they are C-related.

It follows that K is an at most uniquely complemented lattice and every element
of K has a complement in K.

In the literature, K is called the C-reduced free product of K and F. We shall
call K the C-extension of K.

The following consequence of Theorems [0 and [l lays the foundation for Theo-
rem

Theorem 12. Let A be a confined sublattice ofl?, that is, 0z, 1% ¢ A. Then every
element of A is of the form R(p), where p € S. The identity map, R(p) — R(p), is
an embedding of A into K x F.

An alternative description of the C-extension K is the following. Let
K=K« 0,13 F,
and let © be the smallest congruence on K such that
chNd =0 (9),
cevd =1z (0),
for all c € C.
Lemma 13. K is isomorphic to K /©.

We use this in the verification of the extension theorem:

Theorem 14. Every {0, 1}-endomorphism ¢ of K has a unique extension o to a
{0, 1}-endomorphism of the C-extension K of K.
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Proof. Let k: K — K denote the surjective {0, 1}-homomorphism with Ker k = 0.

For any ¢ € K — C, let ¢* denote the unique complement of ¢ in K. Given a
¢ € Endyg,1} K, we define a map @ of the generating set K UC’ of K into itself as
follows:

T, for all z € K;
2P =< (cp), ifx=c €K and cp € C;
(cp)*, ifr=c e Kandecpe K—C.

Then % extends ¢, and determines a unique {0,1}-endomorphism of K, again
denoted as p.

Next we show that ¥ € Endyg 1y K preserves O (introduced before Lemma [[3),
that is, u = v (O) implies that v = vy (©). Since © is the congruence generated
by the relations c A ¢’ =0 (0) and ¢V ¢ = 15 (©), for all ¢ € C, it is sufficient
to prove that (cAd)p =0z (0) and (cV)p=1; (0), for all c € C.

Let c € C. Then (cV ) = cpV P = cpV'p. There are two cases to consider.

Case 1. cp € C. Hence ¢'g = (cp)’. But then (¢ V ¢)p = cp V (cp)’ and, since
1% % = 15, the pair ((cV '), 1% %) belongs to ©.

Case 2. cp € K — C. Hence g = (cp)*, so that (cV)g=cpV (cp)* =1k in
K. Thus (¢ V c¢")g =1k (O).

Calculating similarly for the meet, we conclude that @ preserves ©.

Consequently, the kernel of 3 k contains the kernel © of the surjective homomor-
phism #: K — K, and hence there exists a unique {0, 1}-endomorphism @ of K,
completing the diagram

K K
Ll
K —*.F
and thus extending the {0,1}-endomorphism ¢ of K. The lattice K is at most

uniquely complemented and the x-image of the set K UC’ generates K , and so the
extension @ of ¢ is unique. |

Now we state the result of H. Lakser [13].

Theorem 15. Let S be a finite simple lattice with more than two elements. We
assume that S is not isomorphic to 3.

If S is isomorphic to a sublattice S1 of a free product Ax B of the lattices A and
B, then S1 is contained in A or B.

The following result is crucial in the verification of the first construction:

Theorem 16. Let S be a finite simple lattice with more than two elements. We
assume that S is not isomorphic to Ms. Let K be an at most uniquely complemented
lattice with the C-extension K. N

If S is isomorphic to a confined sublattice S1 of K, then Sy is contained in K.

Proof. This is now trivial from the previous result. By Theorem[IH, S; is contained
in K or F. But F is a {0, 1}-free lattice, and a sublattice of a free lattice cannot
be a simple lattice with more than two elements. O



ENDOMORPHISM MONOIDS OF COMPLEMENTED LATTICES 2435

4. THE LATTICE ['(4, G)

This construction utilizes the lattice I'(A, G) of V. Koubek and J. Sichler [12],
where A is an object of a certain category D(J) and G is a specific graph. We start
with the description of G, D(J), and the construction of I'(4, G).

z
as
bo D2
Po
ay a2

Figure 1a Figure 1b

4.1. The graph G. Let n be a natural number and let G = (V, E) be the graph
consisting of a cycle

{Zaa07p05alapla o 7an—17pn—1aan}

and three more elements {bg, b1, b2}, along with the additional edges

{pOa bO}a {pla bl}a {bla b2}

See Figure 1a for the graph G with n = 3.

G = (V,E) is a finite automorphism-free connected graph, so Ind G is a finite
simple lattice by Lemma Bl Let J = {po,p1,---,Pn-1} € V. Then {z} U J is an
independent set. For any nonvoid J; C J, let E(J1) = {{z,p;} | j € J1} and
G(J1) = (V, EUE(J1)); see Figure 1b for the graph G({po, p1}) with n = 3. Then
G(Jy) is finite, automorphism-free, and connected, so that the lattice Ind G(J1) is
simple by Lemma [3l

Let H be the full subgraph of G on the vertex set V' —{z}. Since the independent
sets of H are exactly the independent sets of G contained in V' — {z}, the lattice
Ind H is a {0, 1}-sublattice of Ind G. Moreover, J C V —{z} implies that the lattice
Ind H is also a {0, 1}-sublattice of Ind G(.J1), for each nonvoid J; C J.

4.2. The category D(J). We now define the category D(J). Let J be a finite
set. The objects of D(.J) are the pairs (D, P), where D is a distributive lattice with
a zero, z, and P is a collection { P; | j € J } of prime filters of D. The morphisms
of D(J):

v: (D,P) — <DT,fPT>

(where P = {ijr | 7 € J}) are the {0}-lattice homomorphisms ¢: D — D' that
satisfy (P]T)ga_l = Pj, forall j € J.

Let us call an object (D, P) of D(J) sharp, if D has a unit and every endomor-
phism of (D, P) is a {0, 1}-endomorphism of D.

The following statement is from V. Koubek and J. Sichler [I2] (see also M.E.
Adams, V. Koubek, and J. Sichler [2]):
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Theorem 17. For a sufficiently large finite set J, the category D(J) is finite-
to-finite universal. In particular, every (finite) monoid M is isomorphic to the
endomorphism monoid of some (finite) object in D(J); in fact, of a sharp object
in D(J).

4.3. The construction I'(A, G). Now for any sharp object A = (D, P) of the
category D(J), we construct a lattice I'(4, G), as in V. Koubek and J. Sichler [12],
using the graph G of Section [£1] with n = |J|. (The construction in V. Koubek
and J. Sichler [12] is for a large collection of graphs, but we need it here only for
our graph G.)

Let z and u be zero and unit of the distributive lattice D, respectively. We
extend D to a distributive lattice D™ by adding a new zero, Op+, and a new unit,
1p+. In the direct product

DT xIndH

(the graph H was introduced in Section ET]), let R be the order filter generated by
the set

Ro={J({(dAps}) Ide P} |jeT)
U{(z,{v}) [{z,v} € E}U{(0p+, 1), (1p+,0m)}-
We form the poset
I'(A,G) = ((D* xIndH) — R) U {1},

where 1p is the greatest element. Since R is an order filter, the poset I'(4, G)
is a {0,1}-lattice. Let Op denote the zero of I'(4,G). Note that the interval
[(z, @), (u, @)] of T'(4, G) is isomorphic to D.

The following statement is a useful rewrite of the definition of I'(A, G):

Lemma 18. Fach g € (A, G) — {1r} is a pair g = (d, I), whered € D* — {1p+}
and I CV —{z} is an independent set of H such that either d = Op+ or d € D
and
(i) {2z} UT is an independent set of G;
(i) pj ¢ I, forde P;, j € J.
The following result of V. Koubek and J. Sichler [I2] describes the {0, 1}-endo-
morphisms of I'(4, G).
Let ¢ be an endomorphism of A. Define a map I'(¢) of I'(A, G) into itself as
follows:

oT(p) = g, for g = 1r and for g = (Op+, I);
(dp,I), forg={(d,I), de D.

Theorem 19. The map ¢ — I'(¢) is an isomorphism between the endomorphism
monoid of A and the {0,1}-endomorphism monoid of T'(A, G). Moreover, every
endomorphism of T'(A, G) is either a {0, 1}-endomorphism or a constant.

We shall need some information about atoms and dual atoms of I'(4, G).

Lemma 20. Every atom of the lattice T'(A, G) is fixed by all {0, 1}-endomorphisms
of T(A,G). Let TU{z} be a mazimal independent set of G(J). Then (u,I) is a
dual atom of T'(A, G) fized by all {0, 1}-endomorphisms of T'(A, G).

Proof. This is obvious from the description of I'(¢) given above. O
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5. SIMPLE SUBLATTICES OF I'(A4, G)

In this section, as a result of the special properties of the graph G, we prove
that every element of I'(A, G) is contained in a simple sublattice with more than
two elements and not isomorphic to 9Ms.

If T is an independent set of G, then either z ¢ I and I is independent in H, or
z € I and I — {z} is independent in H. For any I € Ind G — {1}, set

Iy — (Op+, 1), if z¢ I,
YTV - 1)), ifzel

and set 1gx = 1r.
Lemma 21. y is an embedding of Ind G into I'(A, G).

Proof. Since z ¢ P;, for all j € J, it follows that Ix < 1r in I'(4, G) if and only if
I < 1g in Ind G. Therefore,

x: IndG —-T(4,G)

is a well-defined mapping, and @x = (Op+, @). It is clear that I; < I in Ind G if
and only if I x < Iyx in T'(4, G). Thus, in particular, x is one-to-one and preserves
the bounds.

To show that x is a homomorphism, choose I1, Is € Ind G — {1g}. Assume that
ILixV Ix < 1r in T'(A4, G). We distinguish three cases.

Case 1. 2z ¢ I; UIly. Then 1pr > I1x V Iax = (Op+,I1) V (Op+, I2), and hence
I VI, <lg in Ind G. But then I; V I = I; U I, and so

(Il V IQ)X = (Il U IQ)X = <OD+;Il U IQ> = le V IQX

Case 2. z €Iy —Iy. Then 1pr > I1x VIaox = (2,11 — {z}) V(0p+, I2) in I'(4, G).
In particular, I = (I; —{2}) VIs < 1¢ in Ind G, and hence I = (I} — {z}) VI, =
(I = {2z} Ul = (1 UIL) — {2z}, and TU{z} = I; U I is independent in G. But
then TU{z} =11 VI in Ind G, and so (I; V I3)x = (z,I) = I1x V I2x.

Case 3. z € I N I5. This is similar to Case 1.

This proves that Iy x V Iax < 1p implies that Iy x V Iox = (I3 V I2)x. Since x
preserves order, if Iyx V Iax = 1p, then (I; V Io)x = 1p. Therefore, y preserves
joins.

To show that x preserves meets is much easier. Let I1, I € IndG — {1g}. If
z€ NIz, then Hx Alox = (2,1 —{z}) AN {z, [ = {z}) = (z,(IL N [z) — {z}) =
(I1 A I3)x, and the other cases follow similarly. O

This shows that all elements of I'(A, G) other than (d,I) with d € D — {z}
belong to the simple {0, 1}-sublattice (Ind G)y of T'(4, G).

Lemma 22. All elements of T'(A,G) of the form (d,I) with d € D and d > z
belong to a simple {0, 1}-sublattice isomorphic to Ind G(Jg), where Jg = {p; | d €
P;}.
Proof. Observe that Jy is nonvoid, so G(Jz) is defined. We want to construct
a {0,1}-homomorphism x: Ind G(Jz) — T'(4,G) so that the given (d,I) is in
Ind G(Jq)x.

We set 1g(s,)x = Ir and, for any I € Ind G(Jg) — {1g(J,)}, define

~ ) {0p+, 1), ifz¢1I;
@, T —{z)), ifzel
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We need to check that x is well-defined. Any I < 1g(y,) not containing z is an
independent set of H, and hence Iy = (0p+,I) € I'(A4,G) — {1r}. If z € I, then
I — {z} is an independent set of H and (I — {z}) U{z} = I is independent in G.
Thus (i) of Lemma [I8 holds. Also, I N J; = @ holds because z € I and {z,j'} is
an edge of G(Jy), for every j' € Jy={j € J|d € P;}; thus (ii) of Lemma [[§ also
holds, and hence Iy < 1r, for all I < 1g(s,). Clearly, @x = (0p+, 9).

Let Iy, I € Ind G(Jg) — {1g(s,)}. It is easy to check that I; < I if and only
Lix < Ixx. It follows that gy Vry < (¢Vr)x, for all ¢, r € Ind G(Jy). In particular,
if gx V rx = 1p, then (¢ V r)x = 1p. To show that x preserves joins, we thus need
only check the case when I, Iy € Ind G(Jg) — {1g(s,)} and I1x V Iox < 1r.

We proceed as before, distinguishing three cases.

Case 1. z ¢ Il UIQ. Then le\/IQX = <0D+711>V <0D+,IQ> < 11’* in F(A, G), and
hence I1 VI; < 1g in Ind G. But then I1 VI; = Iy Ul in Ind G, so that [y Ul is an
independent set of G as well, and (I;VI3)x = (1 Ul)x = (Op+, [1ULz) = [1xVIzx.

Case 2. z € Iy —Iy. Then 1pr > I1x VIox = (d, 1 —{z}) V(0p+, I2) in I'(4, G).
In particular, I = (I; —{2}) VIs < 1¢ in Ind G, and hence I = (I} — {z}) VI =
(I —{z2}) Ul = (I; Uly) — {z}, so that T U {z} = I; U I, is independent in G,
see (i). Therefore, I1x V Iox = (d,I). For any j' € J4, we have that d € P(j’),
and hence j’ ¢ I, by (ii). This means that I N J; = &, and the definition of G(Jy4)
implies that I U {z} = I; U I is an independent set of G(.J;) as well. From the
definition of x, we then get (I; V I2)x = (I1 ULy)x = (d,(I1 U I2) — {z}) = (d, ),
and (I1 V Io)x = L1 x V Lo follows.

Case3. z € 1NIy. Then1p > LixVIex = (d, 1 —{z})V(d,Io—{z})inT'(4, G),
so that I = (I — {z}) V (I — {#z}) < 1g in Ind G, and hence I = (I; U I1) — {z}
in Ind G. Thus I U {z} = I U I is independent in G and I1x V Isx = (d,I). For
any j' € Jq, we have that d € P, and hence j' ¢ I. This means that I N J; = &,
and this implies that I U {z} = I; U I5 is an independent set of G(Jz). From the
definition of y, we then get

(L VI)x = (L Uly)x = (d, (L Ulz) = {z}) = (d,]),

and (I V I)x = L1 x V Iz follows.
This proves that y preserves joins, and it is clear how to show that x preserves
meets. |

Summarizing the results of this section, we obtain

Theorem 23. The lattice T'(A, G) is a union of simple {0, 1}-sublattices isomor-
phic to one of the lattices Ind G and Ind G(J1), where J; C J.

6. PROOF OF THE MAIN THEOREM

For a monoid M, let A be a sharp object in the category D(J) (see Section E2)
whose endomorphism monoid is isomorphic to M. Let G be the graph introduced
in Section 1] and let I'(A, G) be the lattice constructed in Section A3l

To start our construction of the lattice L of the Main Theorem, we need an
at most uniquely complemented lattice Lo with Endyo 1y Lo & M and with the
property that every element x of Ly — {0, 11, } is contained in a confined simple
sublattice S of Ly with some special properties.

By Lemma 20} there is a dual atom ¢ of T'(4, G) such that every {0, 1}-endo-
morphism of I'(A, G) keeps g fixed.
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H1 H2
Figure 2
Ly
Ind H, Ind H,
Or
Figure 3

Let p be any atom of I'(A, G) satisfying p < ¢; we remarked at the end of
Section that every {0, 1}-endomorphism of I'(A, G) keeps p fixed.

Now let H; and Hy be the graphs of Figure 2. From Ind H; and Ind Hy, we
construct a lattice T as follows (see Figure 3):

T = IndH1 U IndH2 U {1T}7

where T is a disjoint union of the three sets except that Omam, = Omam,. We
partially order T' as follows: Ind H; and Ind Hy are sublattices of T'; 17 is the unit
element; for z € Ind Hy — {Orpan, } and y € Ind Hs — {Ornam, }, let £ Ay = 07 and
zVy=1r.

By Lemmas Bl and [, the lattices Ind H; and Ind Hy are simple complemented
lattices with no nontrivial {0, 1}-endomorphisms. Let a be any atom of T

Lemma 24. T is a simple complemented lattice with no nontrivial {0,1}-endo-
morphism. Every non-unit element x of T is contained in a simple sublattice U
such that 17 ¢ U. If a congruence © of T collapses U, then it collapses all of T.

Proof. Indeed, we can always take U = Ind Hy or U = Ind Hs. O

We define the lattice B as the dual of T. The image of the atom a of A in B
will be denoted by b, a dual atom of B.

We construct Lo by gluing I'(4, G) to B and T'. First, we glue the two-element
filter {b,1p} of B to the two-element ideal {Or,p} of I'(4,G). Then we glue the
two-element filter {¢, Ir} of the resulting lattice to the two-element ideal {Or,a} of
T, to obtain Lg; see Figure 4. Thus 01, = Op is the zero of Lo and 11, = 17 is the
unit of L.

We regard B, I'(A4, G), and T as sublattices of Lg; in Loy, we have b = Op, 15 = p,
q =07, and 1r = a.
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Figure 4

We can easily describe the {0, 1}-endomorphisms of Lg. Let ¢ be a {0, 1}-endo-
morphism of Ly, and let % be the trivial extension of ¢ to Ly, that is,

__Jgp, forgeT(A G);
9= g, forge BUT.

Note that this definition makes sense since ¢ fixes p and q.

Lemma 25. The map @ — @ is an isomorphism between the endomorphism mon-
oids Endyo,1y ['(A, G) and Endyg 1y Lo. Therefore,

End{()’l} Lo 2 M.

Proof. Let ¢ be a {0,1}-endomorphism of Ly. The lattice BUInd G U T (with
IndG C I'(4,GQ)) is simple, so that 1 restricted to B is one-to-one. In Ly, the
largest element e such that [0z, €] is complemented is e = p (= 1g). Hence p = 1p
is fixed by 1; moreover, 1 restricted to B is the identity map on B. Similarly,
O0r = q is fixed by 1; moreover, 1 restricted to T is the identity map on 7. In
particular, Opy) = Or and 1r¢ = 1.

Since Or and 1p are fixed by 1, it follows that 1 restricted to I'(4,G) is a
{0, 1}-endomorphism ¢ of T'(4, G). O

We need one more trivial statement:
Lemma 26. {0r,,11,} is the only complemented pair in Lg.

Proof. Indeed, let {z,y} be a complemented pair in Lg. If x € B —T'(A, G), then
x Ay =0r, = 0p implies that y € BUT (A, G) (since p < q), and so z Vy = 1,
is not possible. If x € T'(A,G) — Borif z € T —T'(A, G), then we argue similarly.
Finally, = € {b,p} or x € {q,a} is clearly not possible. O

By Lemma B, Lo is at most uniquely complemented, so we can define Ly as
the C-extension Lg of Lg. By Theorem[Id], every {0, 1}-endomorphism of Lg has a
unique extension to a {0, 1}-endomorphism of L.

Lemma 27. Every {0,1}-endomorphism of L1 is the unique extension of a {0,1}-
endomorphism of Lo to Ly. Therefore,

End{()’l} L1 2 M.
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Proof. Let 9 be a {0, 1}-endomorphism of L;. We have to prove that xzi) € Ly, for
every ¢ € Lg. The lemma then follows from Lemma There are three cases to
consider.

Case 1. € T. The statement is obvious for x = 1y (= 1,), so let < 1p.
Then by Lemma [24] there is a sublattice U of T such that 17 ¢ U, U is a simple
lattice, and if a congruence © collapses U, then it collapses all of T'.

Consider the sublattice Ut of Li. Observe that 15, ¢ U. Indeed, if 11, € U,
then 1yt = 11,9, where 1y is the unit element of U. Since 1y < 1r, and T is
simple, this implies that all of T is collapsed by % to one element. In particular,
qtp = 1r1p. Now use Theorem[23], and obtain a simple {0, 1}-sublattice V of I'(A4, G)
containing q. Then V) is a singleton; in particular, OpY = pip. Proceeding now
by the dual of Lemma 24] we obtain that 19 = 0pt, and so Op,¢ = 11,9,
contradicting the fact that ¢ is a {0, 1}-endomorphism of L;.

We conclude that 17, ¢ Uv. The argument of the previous paragraph can be
repeated to show that v is one-to-one on U. Hence, Ut is a simple lattice in L; it
does not contain 1r,,; and it is not isomorphic to M3 (because it is isomorphic to
Ind H; or Ind Hs). So we can apply Theorem [Tl to conclude that U C Ly, and in
particular, xi) € Lg.

Case 2. z € T'(A,G). By Case 1, we can assume that z < 1p. Now we proceed
by applying Theorem 23] as in Case 1, and then utilize the fact that B and T are
simple lattices.

Case 3. x € B. This is the dual of Case 1. O

So now we see that L; is at most uniquely complemented, and Endg1y L1 = M
by natural extension from Ly. Moreover, every element of Ly has a complement in
L1. Let us now repeat this construction for L to obtain the C-extension Ly = E
of L;. Now we can restate Lemma [27 for Ly and Ls:

Lemma 28. FEvery {0,1}-endomorphism of Lo is the unique extension of a {0,1}-
endomorphism of Lo to Lo. Therefore,

End{()’l} Lo =2 M.

Proof. By Theorem [ every {0,1}-endomorphism ¢ of L; has a unique exten-
sion to a {0, 1}-endomorphism of Ls. Let ¢ be a {0,1}-endomorphism of L,. By
Lemma 27, it is sufficient to show that that x¢) € Lg for every x € Lo. So let
x € Lo —{0,1} and, as in the proof of Lemma 27, choose a simple finite sublattice
U of Ly such that z € U, 0., 11, ¢ U, if a congruence © collapses U, then it
collapses all of Ly, and U is not isomorphic to Ms. It follows then that U is
isomorphic to U. So we can apply Theorem to conclude that U C L;. But
by Lemma 27, U C L; implies that U C Lo. Hence x € Lg, which was to be
proved. O

Note that Lemma 8 required a proof because L1 does not have a crucial property
of Ly. Now we see that Ly in Ly has all the important properties that Ly has in L.
So we repeat the C-extension construction w times, to obtain the lattices L;, for
i < w, and we obtain the lattice L of the Main Theorem as the union of the L;, for
i < w. A trivial induction on 7 shows that every {0, 1}-endomorphism of L; is the
unique extension of a {0, 1}-endomorphism of Ly to L;. The induction step repeats
the argument of Lemma 28 This trivially implies that every {0, 1}-endomorphism
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of L is the unique extension of a {0, 1}-endomorphism of Ly to L. Therefore,
End{oyl} L= M

Moreover, every x € L; has a complement in L;1 and each L; is at most uniquely
complemented; hence L is uniquely complemented. This concludes the proof of the
Main Theorem.

7. PROOF OF THEOREM [2]
We need a definition:

Definition 29. Let ¢ be a {0, 1}-endomorphism of a bounded lattice N. We shall
say that ¢ is {0, 1}-separating, if 0p= = {0} and 1o~ ! = {1}.

Our construction for Theorem [2] starts with a result of V. Koubek and J. Sichler
[12):

Theorem 30. There is a class N of bounded lattices with the following properties:

1. N is contained in a finitely generated lattice variety.

2. If N, N' € N, then any nonconstant homomorphism ¢: N — N’ is a {0,1}-
separating {0, 1}-homomorphism.

3. The nonconstant homomorphisms among members of N form a finite-to-finite
universal category.

According to the last clause, all monoids can be represented as {0,1}-endo-
morphism monoids of members of N, and finite ones by finite members.

Let Hy = (V, E) be the graph of Figure 2. Then Ind H; is a simple automor-
phism-free complemented lattice. We note that H; has the following property:

(P) for every v € V, there exist distinct vq, v2 € V so that v # vy, v # vg, and
{v,v1}, {v,v2} ¢ E.

Choose distinct vertices zp and x; of Hy so that {zg,z1} ¢ E. Select N € N
representing the monoid M. From Hi, {z¢,z1}, and N, we construct a poset
(Ind H;7)[V] by replacing the prime interval [{zo}, {0, 21}] of Ind Hy by a copy of
N, so that {zo} = Oy and {xg,z1} = 1N, see Figure 5. To be more precise, the
partial ordering on (Ind H;)[N] is defined as follows:
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r <y in (Ind Hy)[N] iff
z,y € IndH; and < y in Ind Hy;
z,y€ N and x <yin N;
z € N and y € Ind H; with {zg, 21} <y in (Ind Hy)[N];
x €IndH; and y € N and = € {&, {zo}}.

It is easy to verify that (Ind Hy)[N] is a lattice. For any n € N — {On, 15} and
for t € Ind Hy, we have

nVit={xg,x1}Vt, fort<L {xo};
nAt={xo} At for {zo,x1} £ ¢t

Thus in N and in Ind Hy, all meets and joins remain the same. All other meets
and joins are determined by comparability.

Let ¢ be a {0, 1}-endomorphism of N. A trivial extension @ of ¢ to (Ind H;)[N]
is defined as follows:

ng =np, forne N,
TP = x, for x € Ind H;.

Lemma 31. The lattice (IndH1)[N] is complemented. The endomorphisms of
(IndH,)[N] are exactly the trivial extensions of {0, 1}-endomorphisms of the lat-
tice N.

Proof. Since Ind Hy is complemented, so is (Ind H;)[N].

Let ¢ be a {0, 1}-endomorphism of N with the trivial extension % to (Ind Hy)[N].
We claim that @ € Endyg 13 (Ind Hy)[N]. To prove this, we need only consider meets
and joins of elements n € N — {Oy,1x} and t € Ind H;. We want to prove that

(nVt)p =npgVip.

For t £ {x0}, we have that n Vt = {zg,z1} Vt € Ind H; and hence (n Vv t)g =
{zg, 21} Vt, and also np V tg = np Vt = {xg,x1} V t, proving the formula. The
argument for meets is similar but uses the fact that ¢ is {0, 1}-separating.

Next, let v € Endyo13(Ind H;)[N]. We have to show that v = ©, for some
(RS End{071} N.

We claim that v maps the sublattice Ind H; C (Ind H;)[N] into itself.

Suppose that ¢t € Ind Hy is such that ty=n € N — {On,1n}. Then @ <t < lg
in Ind Hy, and hence {y} <, for some y € V. There are two cases to consider.

Case 1. {y} <t. Set s =t — {y} and note that {y} Vs=tand {y} As =0
in IndH;. Since Ind H; is simple by Lemma [3], the four elements @y = &, {y}~,
sy, and n = ty are distinct. From {y}yV sy = n € N — {On,1n} and the
description of joins in (Ind Hy)[N], it then follows that {y}vy, sy € N — {0, 1n}
and, consequently, & = @v > {z¢}, a contradiction.

Case 2. {y} = t. H; has property (P); therefore, there exist yi, y2 € V, so
that {y,v1}, {y,92} < 1lg in Ind H;y. Observe that {y,y1} A {y,y2} = {y}. This,
however, leads to a contradiction because {y,y;}y ¢ N — {On,1n}, for ¢ = 1, 2,
while {y}y =n € N — {On, 15 }—recall that v must be one-to-one on these three
elements. This shows that

(N —{0n,In})y ' NIndHy = @
and hence (Ind H;)v C Ind Hy, as claimed.
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From this claim, it follows that « is the identity on Ind H; and, consequently,

N~ C N. Since the restriction ¢ of v to N is not constant, it is a {0, 1}-separating
{0, 1}-endomorphism of N and v = . O

10.

11.
12.

13.

So the lattice L = (Ind Hy)[N] satisfies the requirements of Theorem [2|
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